Modeling the nonlinear clustering in modified gravity models I: A
  fitting formula for matter power spectrum of f(R) gravity by Zhao, Gong-Bo
ar
X
iv
:1
31
2.
12
91
v3
  [
as
tro
-p
h.C
O]
  1
6 F
eb
 20
14
Modeling the nonlinear clustering in modified gravity models I:
A fitting formula for matter power spectrum of f(R) gravity
Gong-Bo Zhao 1,2
gongbo@icosmology.info
ABSTRACT
Based on a suite of N -body simulations of the Hu-Sawicki model of f(R) gravity with
different sets of model and cosmological parameters, we develop a new fitting formula
with a numeric code, MGHalofit, to calculate the nonlinear matter power spectrum P (k)
for the Hu-Sawicki model. We compare the MGHalofit predictions at various redshifts
(z 6 1) to the f(R) simulations and find that the relative error of the MGHalofit fitting
formula of P (k) is no larger than 6% at k 6 1 h/Mpc and 12% at k ∈ (1, 10] h/Mpc
respectively. Based on a sensitivity study of an ongoing and a future spectroscopic
survey, we estimate the detectability of a signal of modified gravity described by the
Hu-Sawicki model using the power spectrum up to quasi-nonlinear scales. MGHalofit is
publicly available at http://icosmology.info/website/MGHalofit.html.
Subject headings: modified gravity, power spectrum, halofit — cosmology
1. Introduction
Understanding the accelerating expansion of the universe, which was first discovered using the
supernova measurements (Riess et al. 1998; Perlmutter et al. 1999), is one of the key problems in
modern sciences. Since the cosmic acceleration challenges Einstein’s theory of General Relativity
(GR) without the cosmological constant, which predicts a decelerating universe, there have been
much effort in modifying Einstein’s theory by either adding a new Dark Energy (DE) component
in the framework of GR (see Weinberg et al. 2013 and references therein for the DE review), or
changing GR itself (for a thorough review of modified gravity, see Clifton et al. 2012 and references
therein). It is true that both approaches can give the same evolution of the universe at the back-
ground level, they generally predict different structure formation. Given the ongoing and upcoming
cosmological large scale structure (LSS) surveys mapping the 3D structure growth in the universe,
it is possible to break the theoretical degeneracy between DE and modified gravity (MG).
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In some MG models, e.g., the generalised symmetron, dilaton (Brax et al. 2012) and chameleon
(Brax et al. 2013) models, the linear perturbation theory fails to predict the matter power correctly
even on linear scales. Therefore ignoring the nonlinearities or modeling the nonlinearities improperly
may result in diluted, or even biased cosmological constraints.
The attempts to model the nonlinear clustering analytically goes back to Hamilton et al. (1991)
based on the scaling Ansatz of the clustering evolution, and it was later generalised and refined by
Peacock & Dodds (1994); Jain et al. (1995); Peacock & Dodds (1996). However, the fitting formulae
based on the scaling Ansatz were later found inaccurate when contrasted to simulations (Mo et al.
1997a; Smith et al. 1998; Jain & Bertschinger 1998; Van Waerbeke et al. 2001).
The halo model is an alternative approach to model the nonlinear clustering, in which the
large scale clustering is calculated using the correlation between different halos while the small
scale clustering is derived using the convolution of the dark matter profile with the halo itself
(Mo & White 1996; Mo et al. 1997b; Sheth & Lemson 1999; Sheth & Tormen 1999; Sheth et al.
2001; Peebles 1974; McClelland & Silk 1977; Sheth & Jain 1997; for a review of the halo model,
see Cooray & Sheth 2002). A new fitting formula called Halofit was developed based on the
halo model and calibrated using N -body simulations for cold dark matter (CDM) cosmologies
(Smith et al. 2003). Halofit has a much better accuracy than the previous fitting formulae and it
was commonly used since developed. However, since Halofit was calibrated using simulations for
CDM models, in which the growth generally has no scale-dependence, the default Halofit is not
applicable to models with a scale-dependent growth, e.g., models with massive neutrinos and most
modified gravity models.
Halofit has been extended for models with massive neutrinos (Bird et al. 2012), but not yet
for modified gravity models 1. Given that cosmological tests of gravity is one of the key science
drivers for most of the upcoming LSS surveys, in this paper we shall make the first attempt to
develop a nonlinear P (k) fitting formula, MGHalofit, for one specific f(R) model, the Hu-Sawicki
model (Hu & Sawicki 2007a) (HS hereafter), which represents a class of MG models with the
chameleon mechanism (Khoury & Weltman 2004). MGHalofit is calibrated by high-resolution N -
body simulations, and it is used to estimate the detectability of MG using LSS surveys.
This paper is structured as follows. In Sec. 2 the basics of the HS model are presented. Sec. 3 is
devoted to the N -body simulations of the HS model for various model and cosmological parameters,
followed by the development of MGHalofit in Sec. 4. Discussions and summary are in the final
section.
1For a different halo model approach to model P (k) for the HS model, see Lombriser et al. (2013).
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2. The Hu-Sawicki model
The Hu-Sawicki model (Hu & Sawicki 2007a) is one of the viable f(R) models that is capa-
ble of fitting current observations after tuning the model parameters. On large scales, it mimics a
ΛCDM background cosmology while on nonlinear scales it can evade the solar system tests by the
naturally built-in chameleon mechanism (Khoury & Weltman 2004). On intermediate scales, it has
distinctive observational features that can be tested using cosmological experiments (Song et al.
2007a,b; Zhang et al. 2007; Pogosian & Silvestri 2008; Schmidt et al. 2009b; Reyes et al. 2010;
Giannantonio et al. 2010; Lam et al. 2012; Mak et al. 2012; Lombriser et al. 2012a,b; see Jain & Khoury
2010 for a review).
The action of the model is,
S =
∫ √−g [ f(R)
16πG
+ LM
]
d4x (1)
where
f(R) = −m2 α1(−R/m
2)n
α2(−R/m2)n + 1 , m
2 = H20ΩM (2)
Variation of the action S with respect to the metric yields the equation of motion for a new
scalar degree of freedom fR ≡ df(R)dR . As Noller et al. (2013) pointed out, the quasi-static approxi-
mation (QSA) is valid for this model which means that the time derivative of the scalar field can
be ignored. Under the QSA, the equation of motion of the scalar field δfR can be obtained as,
∇2δfR = −a
2
3
[δR(fR) + 8πGδρM] (3)
where δfR = fR(R)− fR(R¯), δR = R− R¯ and δρM − ρ¯M. One can invert Eq. (2) to relate R to fR,
namely,
fR = −α1
α22
n(−R/m2)n−1
[(−R/m2)n + 1]2 ≃ −
nα1
α22
(
m2
−R
)n+1
(4)
where the approximation holds if the background cosmology is close to a ΛCDM model, and in this
case, one can approximate R¯ as,
R¯ ≃ 3H20
[
ΩM (1 + z)
3 + 4ΩΛ
]
(5)
At redshift z = 0,
R¯0 ≡ R¯(z = 0) ≃ 3H20 (1 + 3ΩΛ) (6)
where a flat universe is assumed.
Combining Eqs (4) and (6), one can rewrite Eq (4) in terms of fR0, which is the background
value of fR at redshift z = 0, as,
fR ≃ fR0
[
3H20 (1 + ΩΛ)
−R
]n+1
(7)
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and δR is given explicitly as,
δR(fR) = 3H
2
0
{
(1 + 3ΩΛ)
(
fR0
fR
) 1
n+1
− [ΩM(1 + z)3 + 4ΩΛ]
}
(8)
The scalar field fR can then be solved numerically by combining Eqs (3) with (8), given the model
parameters fR0 and n with background cosmological parameters.
The modified Poisson equation for the gravitational potential Φ can be obtained by adding up
the 00 and ii component of the modified Einstein equation in the HS model, namely,
∇2Φ = 16πG
3
a2δρM +
a2
6
δR(fR) (9)
The dynamics of the system is determined by Eqs. (3) and (9). Eq (3) is a nonlinear Poisson equation
and it has to be solved numerically on regular or self-adaptive grids using iteration methods (Oyaizu
2008; Zhao et al. 2011a; Li et al. 2012; Puchwein et al. 2013). But qualitatively, we can see that this
model has the following features (Hu & Sawicki 2007a; Oyaizu et al. 2008; Schmidt et al. 2009a;
Zhao et al. 2011a; Li et al. 2012),
(A) In the low density region (on large scales), where |fR| ∼ |f¯R|, i.e., δfR ∼ 0, δR(fR) can be
linearised and fR can be easily solved in Fourier space. In this case, gravity is locally enhanced
by 1/3 within the Compton wavelength;
(B) In the high density region (on nonlinear scales), where |fR| ∼ 0, GR is locally recovered.
Since the strength of gravity (essentially the mass of the scalar field) varies with local density,
this is called the chameleon mechanism, which is key to evade the solar system tests.
3. N-body simulations of the Hu-Sawicki model
The nonlinear clustering in the HS model cannot be accurately calculated without performing
large N -body simulations due to the complicated nonlinear dynamics of the chameleon mecha-
nism in this model. The N -body simulations for the HS model were first performed by Oyaizu
(2008); Oyaizu et al. (2008) using a particle-mesh (PM) code with regular grids, based on which
the halo statistics of this model was first analysed in Schmidt et al. (2009a). The same model was
re-simulated and exploited by Zhao et al. (2011a) 2 using a modified version of MLAPM (Knebe et al.
2001), by Li et al. (2013) using ECOSMOG (Li et al. 2012), which is a variant of Ramses (Teyssier
2002), and by Puchwein et al. (2013) using MGGADGET, a modified version of the tree code GADGET
2Details of this simulation project and the visualisation including images and movies are publicly available at
http://icosmology.info/website/Nbody_Simulation.html
– 5 –
(Springel 2005). Thanks to the self-adaptive grid structure of MLAPM and ECOSMOG and to the tree
structure in MGGADGET, a much higher force resolution (up to a factor of 7 improvement compared
to Oyaizu 2008; Oyaizu et al. 2008) was obtained in these new simulations.
The previous HS simulations are based on the WMAP seven-year best fit cosmology (Komatsu et al.
2011) (WMAP7 hereafter, parameters summarised in Eq (12)). In this work, we need new HS sim-
ulations for other background cosmologies to calibrate MGHalofit to make it robust for a range
of cosmological parameters. We choose to run new HS simulations using ECOSMOG for the Planck
(Planck Collaboration et al. 2013) (summarised in Eq (10)) and WMAP nine-year (Hinshaw et al.
2013) (WMAP9, summarised in Eq (11)) best fit cosmologies for the calibration because they siz-
ably differ from the WMAP7 cosmology, e.g., ΩPlanckM and Ω
WMAP9
M is larger than Ω
WMAP7
M by 28%
and 7% respectively. We use the previous WMAP7 simulation (Zhao et al. 2011a) as well for the
calibration.
Planck : {Ωb,Ωc,Ωk, h, ns, σ8} = {0.04825, 0.2589, 0, 0.678, 0.961, 0.84} (10)
WMAP9 : {Ωb,Ωc,Ωk, h, ns, σ8} = {0.04363, 0.2136, 0, 0.718, 0.973, 0.80} (11)
WMAP7 : {Ωb,Ωc,Ωk, h, ns, σ8} = {0.04181, 0.1982, 0, 0.730, 0.958, 0.80} (12)
For each set of parameters, we simulate three f(R) models with n = 1, |fR0| = 10−4,−5,−6 (F4,
F5, F6 models hereafter). We simulate the |fR0| = 0 (ΛCDM) model as well using the same initial
condition to make direct comparison.
We generate the initial conditions (IC) at z = 49 using MPgrafic (Prunet et al. 2008), which
is a parallel version of Grafic, an IC generator in the COSMICS package (Bertschinger 1995). We
use the ECOSMOG code to perform the simulation using 2563 particles in a box with B = 128 Mpc/h
a side 3. More parameters for the simulation are summarized in Table 1. The power spectrum of
the simulation is measured using the POWMES code (Colombi et al. 2009), whose precision is within
sub-percent level on scales we are interested in. For more technical details of the simulation and
data analysis, we refer the readers to Zhao et al. (2011a); Li et al. (2012).
The simulation results are shown in data points with error bars in Figs 1 and 2. We show the
fractional difference
∆P (k) ≡ P (k)HS
P (k)ΛCDM
− 1 (13)
instead of the power spectrum itself to eliminate the sample variance. As seen in Figs 1 and 2,
the dependence of ∆P (k) is much stronger on |fR0| than on other cosmological parameters, e.g.,
ΩM. This is illustrated more clearly in Fig 3 where we show the quantities of dlnP (k)/dlnΩM and
dln∆P (k)/dlnΩM. This essential shows the response of the fractional change in P (k) or ∆P (k) with
3As tested in Zhao et al. (2011a), both Hu-Sawicki and ΛCDM simulations using the box size B=128 Mpc/h agree
with those using B=256 and 64 Mpc/h on scales k ∈ [0.05, 10] h/Mpc. This demonstrates that the B=128 Mpc/h
simulation result used in this work is robust.
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respect to the fractional change in ΩM. As we can see,∣∣∣∣d lnP (k)d lnΩM
∣∣∣∣ >
∣∣∣∣d ln∆P (k)d lnΩM
∣∣∣∣ (14)
in all cases. Due to the fact that ∆P (k) is almost immune to the sample variance (Oyaizu 2008;
Oyaizu et al. 2008; Schmidt et al. 2009a; Zhao et al. 2011a; Li et al. 2012) and its weak dependence
on ΩM, we choose to fit ∆P (k) rather than P (k) measured from simulations when calibrating the
MGHalofit parameters.
4. A new fitting formula for the matter power spectra for the HS model
The Halofit fitting formula for CDM cosmologies was developed by Smith et al. (2003) based
on the halo model approach, and it was recently re-calibrated using simulations with a better
resolution (Takahashi et al. 2012). Halofit has been extensively used to calculate the nonlinear
power spectra for the ΛCDM-like cosmologies, in which the growth function is scale-independent.
However, for models where the growth is scale-dependent, e.g., models with massive neutrinos
(mνCDM hereafter) and the modified gravity models especially for the HS model, there is a large
discrepancy between the Halofit prediction and the N -body simulation result (Oyaizu et al. 2008;
Schmidt et al. 2009a; Zhao et al. 2011a).
A fitting formula for the nonlinear power spectrum of themνCDMmodel has been developed by
extending the Halofit formula. Specifically, new parameters multiplying fν, the fractional energy
density for massive neutrinos, are added to the formula and N -body simulations are used for the
calibration (Bird et al. 2012). In this work, we adopt a similar approach for the HS model.
4.1. Generalisation of the functional form of Halofit
In Halofit, the dimensionless power spectra ∆2 is split into the quasi-nonlinear (∆2Q) and
nonlinear terms (∆2H), dominating the power on large and small scales respectively.
Cosmology log10|fR0| Seeds 3
√
Np Box [Mpc/h] output z Reference
Planck −4,−5,−6, 0 1 256 128 1, 0.8, 0.6, 0.4, 0.2, 0 This work
WMAP9 −4,−5,−6, 0 1 256 128 1, 0.8, 0.6, 0.4, 0.2, 0 This work
WMAP7 −4,−5,−6, 0 10 256 128 1, 0 Zhao et al. (2011a)
Table 1: The details of the simulations used for the calibration where Np is the number of the
particles.
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∆2 ≡ k
3P (k)
2π2
= ∆2Q +∆
2
H (15)
∆2Q(k) = ∆
2
L(k)
[1 + ∆2L(k)]
β(neff ,C)
1 + α(neff , C)∆2L(k)
exp
[− (y/4 + y2/8)]
∆2H(k) =
∆2
′
H(k)
1 + µ(neff , C)/y + ν(neff , C)/y2
∆2
′
H(k) =
a(neff , C)y3f1(ΩM)
1 + b(neff , C)yf2(ΩM) + [c(neff , C)f3(ΩM)y]3−γ(neff ,C)
(16)
where ∆L is the dimensionless linear power spectrum and,
σ2(R, z) =
∫
∆2L(k, z)exp(−k2R2)d ln k
neff ≡ d ln σ
2(R)
d ln R
∣∣∣∣
σ=1
− 3; C ≡ d
2 ln σ2(R)
d ln R2
∣∣∣∣
σ=1
, y ≡ k
kNL
, σ(k−1NL, z) = 1 (17)
As defined, σ(R, z) is the root mean square dimensionless overdensity fluctuation within radius
R at redshift z, and it is used to quantify the nonlinear scale kNL, the scale on which σ(R, z) reaches
unity. The quantities neff and C, which are the effective power index and running of the power
spectrum respectively, have the shape information of the power spectrum.
The functional form of α, β, γ, µ, ν, a, b, c, f1, f2 and f3 are first given and calibrated
by Smith et al. (2003), and recently improved by a recalibration by Takahashi et al. (2012). The
recalibrated Halofit can fit P (k) in ΛCDM very well (a 5% precision at k < 1 h/Mpc, z ∈ [0, 10]) for
a wide of range of cosmological parameters checked against the Coyote simulations (Heitmann et al.
2010, 2009; Lawrence et al. 2010). However, it fails to predict P (k) in the HS model. In Figs 1 and
2, the Halofit and linear predictions of ∆P , which is the fractional difference in P (k) as defined
in Eq (13), are shown in dash-dotted and dashed lines respectively. As shown, the linear theory
overpredicts ∆P in all cases, while Halofit generally underpredicts ∆P on quasi-nonlinear scales
but overpredicts on fully nonlinear scales, especially for the F6 model, or all models at higher
redshifts, where the screening effect is significant. For the F6 case, the prediction can even be
negative, which is unphysical. This is partly because the Halofit does not incorporate the screening
mechanism at all. To generalise Halofit for the HS model, the following requirements have to be
met:
(A) It should well predict the power spectrum for a wide range of HS model parameter fR0 and
for various background cosmologies at various redshifts;
(B) When |fR0| → 0, it should recover Halofit;
(C) The screening effect must be included, i.e., for small field models (|fR0| ≪ 10−4), or at higher
redshifts, the power should be suppressed compared to the Halofit prediction on small scales;
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(D) The suppression should decrease when |fR0| increases, or z increases;
(E) On large scale, the prediction should agree with the linear prediction;
(F) On all scales, the prediction of ∆P should not exceed the linear prediction;
(G) On all scales, ∆P should be positive definite.
Requirements (A) and (B) motivate the addition of new pieces of functions, which are propor-
tional to |fR0|, to the Halofit formula. A multiplicative suppression term inversely proportional
to |fR0| may satisfy (C, D), but it will break (B). Alternatively, we find that a multiplicative term
inversely proportional to D works where
D ≡
∣∣∣∣ P (k)lin.HSP (k)lin.ΛCDM −
P (k)HalofitHS
P (k)HalofitΛCDM
∣∣∣∣ (18)
and the superscript lin. means the linear prediction.
It is clear that,
(I) D → 0 when |fR0| → 0, which guarantees a ΛCDM limit;
(II) D → 0 when k → 0 meaning that there is no suppression on large scales, which is what we
want;
(III) D can be large when k is large meaning that the suppression increases with scale, which
agrees with the trend of the chameleon screening;
(IV) D generally decreases when |fR0| increases in a wide range, which is what (D) requires.
(V) D can be easily calculated within MGCAMB (Zhao et al. 2009; Hojjati et al. 2011, see Appendix
B for details of the implementation of the HS model in MGCAMB) , making it a practically
usable quantity for MGHalofit.
Since the chameleon screening works in high density regions thus on small scales, we multiply
this suppression factor on the nonlinear term ∆2H to account for it, namely,
∆2H → ∆2H exp
[
D
(
~XD · ~Y
)]
(19)
where ~XD is a coefficient vector whose components are to be determined by N -body simulations,
and
~Y ≡ (1, neff , n2eff , C)T (20)
Note that ~Y encodes the cosmology-dependence (see Eq (17) for definitions of these quantities). In
the HS model, the dependence of kNL, neff and C upon ΩM and |fR0| is shown in the contour plot
Fig 4. As we can see,
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(I) At a given redshift, say, z = 0, for a given ΩM, the nonlinear scale yNL drops with |fR0| from
some pivot point (e.g., at ΩM = 0.3, the transition is at |fR0| ∼ 10−6). This is because the
linear power increases with |fR0|, making the nonlinear scale larger for a larger |fR0|;
(II) For a given |fR0|, yNL drops with ΩM simply because more matter makes the clustering more
significant;
(III) Similarly, the effective power index neff increases with |fR0| or ΩM because more clustering
makes the power spectrum less steep;
(IV) The running of the power spectrum C, which is essentially the gradient of neff follows a
consistent trend, namely, when neff transits, a peak is produced in C.
(V) At higher redshifts, the overall dependence of yNL, neff and C stay largely unchanged, only
with the difference in the amplitude.
This is why we dot product the coefficients with ~Y : we want the cosmology-dependence encoded
in the damping term shown in Eq (19). We have tested that adding this damping term can signif-
icantly improve the fit on small scales especially for the F6 model, but powers on quasi-nonlinear
scales need to be boosted to further improve the fit. For this purpose, we generalise the functions
in Halofit by adding a term proportional to |fR0|. Specifically,
∆˜2L(k) = ∆
2
L(k)
[
1 + |fR0|
(
~X∆ · ~Y
)]
α˜ = α+ |fR0|
(
~Xα · ~Y
)
β˜ = β + |fR0|
(
~Xβ · ~Y
)
γ˜ = γ + |fR0|
(
~Xγ · ~Y
)
log10a˜ = log10
[
a+ |fR0|
(
~Xa · ~Y
)]
log10b˜ = log10
[
b+ |fR0|
(
~Xb · ~Y
)]
log10c˜ = log10
[
c+ |fR0|
(
~Xc · ~Y
)]
log10µ˜ = log10
[
1 + µ+ |fR0|
(
~Xµ · ~Y
)]
log10ν˜ = log10
[
ν + |fR0|
(
~Xν · ~Y
)]
(21)
All this addition vanishes as |fR0| → 0, yielding a ΛCDM limit. The functions α, β, γ, µ, ν, f1, f2,
f3, a, b and c are given by Takahashi et al. (2012), and the collection of coefficients ~X will be
calibrated by the high-resolution N -body simulations described in the previous section.
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4.2. Optimisation of the parameters
To determine the new parameters ~X , we minimise χ2, which is the quadratic difference be-
tween the model prediction and the simulation results of the fractional matter power spectrum.
Specifically,
χ2 =
∑
i
[∆sim.P (ki)−∆MGHalofitP (ki)]2 (22)
where
∆sim.P (ki) ≡
P sim.HS (ki)
P sim.ΛCDM(ki)
− 1; ∆MGHalofitP (ki) ≡
P MGHalofitHS (ki)
P HalofitΛCDM (ki)
− 1 (23)
where ∆sim.P (ki) and ∆
MGHalofit
P (ki) illustrate ∆P in the ith bin (uniform in log k) calculated
using the simulations and MGHalofit respectively. The function minimisation was performed using
the Powell’s method (Powell 1964), and the result is presented in Appendix A.
The fitted result is shown in thick solid lines Figs 1 and 2. Compared to the linear prediction
(dashed) and the Halofit prediction (dash-dotted), MGHalofit agrees much better with the simu-
lation result for all nine cosmologies (3 HS model × 3 background cosmologies) at various redshifts
from z = 0 to z = 1.
4.3. Applicability of MGHalofit
In this section, we shall quantify the accuracy of MGHalofit and make a first application to
estimate the detectability of the HS model using ongoing and upcoming redshift surveys.
4.3.1. The accuracy of MGHalofit
Note that the quantity ∆P (k) shown in Figs 1 and 2 is not a direct observable. For an imaging
surveys such as the Dark Energy Survey (DES) and LSST (LSST Science Collaboration et al. 2009),
the observable is the shear angular correlation function or shear power spectrum, and the latter
is essentially the matter power spectrum convolved with the lensing kernel. For redshift surveys,
what is actually measured is the two-point correlation function in three-dimensions (3D), or the
3D galaxy power spectrum in redshift space, and the latter is the matter power spectrum in real
space weighted by the galaxy bias and the redshift space distortion (RSD) correction. Therefore
the matter power spectrum P (k) is essentially the quantity directly related to observations.
In our convention, the power spectrum for the HS model is related to that in ΛCDM via,
P (k)MGHalofitHS = [∆P (k) + 1]P (k)
Halofit
ΛCDM (24)
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where we have used MGHalofit and Halofit to estimate the power spectrum in HS and ΛCDM
models respectively. An error propagation gives (the k dependence is dropped for brevity),[
σ
(
P MGHalofitHS
)
P MGHalofitHS
]2
=
[
σ
(
P HalofitΛCDM
)
P HalofitΛCDM
]2
+
[
σ (∆P )
∆P + 1
]2
(25)
The first term on the right hand side is the squared fractional accuracy of Halofit, which is
reported by Takahashi et al. (2012) to be below 5% (k 6 1 h/Mpc) and 10% (k ∈ (1, 10] h/Mpc)
at z 6 3 . The second term can be estimated by comparing the MGHalofit prediction with the
simulation result and in the worst case, σ (∆P ) /(∆P +1) = 3% (k 6 1 h/Mpc) and 6% (k ∈ (1, 10]
h/Mpc). This gives the accuracy of MGHalofit as,
σ
(
P MGHalofitHS
)
P MGHalofitHS
. 6% (k 6 1 h/Mpc); . 12% (k ∈ (1, 10] h/Mpc) (26)
4.3.2. A first application of MGHalofit
In this section, we shall make a first application of MGHalofit to estimate to what extent a
HS model can be verified or falsified observationally.
We first estimate the fractional difference in P (k) using the Fisher matrix projection (Feldman et al.
1994; Seo & Eisenstein 2007),
σP (k)
P (k)
=
2π
k
√
V∆k
(
1 +
1
n¯P
)
(27)
where V and n¯ are the volume and the average galaxy number density of the surveys respectively.
We make this forecast for an Ongoing and a Future redshift survey, whose survey parameters are
listed in Table 2. The Ongoing survey is close to the Sloan Digital Sky Survey III’s (SDSS-III)
Baryon Oscillation Spectroscopic Survey (BOSS) survey (DR9) (Anderson et al. 2012), and the
Future survey is an idealised next-generation redshift survey similar to Dark Energy Spectroscopic.
Instrument (DESI) (Levi et al. 2013) and about a factor of 3-4 smaller than the Euclid spectroscopic
survey (Laureijs et al. 2011).
Ongoing survey Future survey
zeff 0.6 1.0
V (Gpc3 h−3) 0.79 19.7
n¯ (h3 Mpc−3) 3× 10−4 4× 10−3
Table 2: The survey parameters for an ongoing and a future survey.
The result is shown in Fig 5. The error bars are calculated using Eq (27) for ongoing and future
surveys respectively and they are centered on P (k) for HS fiducial models (F4, F5 and F6 from
– 12 –
top to bottom) calculated using simulations. The solid curves show the MGHalofit prediction with
the dashed lines illustrate the 6% error obtained in Eq (26). Note that all curves and data points
are rescaled using the Halofit prediction for the corresponding ΛCDM model just for the ease of
visualisation. In all cases, MGHalofit fits the simulation very well.
Let us roughly estimate the detectability of the modification of gravity described by the HS
model by calculating the χ2,
χ2 =
∑
i
[
P (ki)
sim.
HS − P (ki)sim.ΛCDM
σobs(ki)
]2
≃
[
P (ki)
MGHalofit
HS − P (ki)HalofitΛCDM
]2
σ2obs(ki) + σ
2
sys(ki)
(28)
where in the second step we approximate the HS and ΛCDM simulations using MGHalofit and
Halofit respectively and this is why the systematic error σsys is added to the observational error
σobs in quadrature. In this estimate we limit k 6 1 h/Mpc and take σsys(ki) = 6%×P (ki)MGHalofitHS .
Under this setting, a future survey is able to detect the F4 and F5 models at the 6.9 and 2.3 σ
level respectively while the F6 model will never be detected. This is easy to understand: the signal
of the F6 model is even below the 5% accuracy of Halofit. Note that this is a rough estimate
where we ignore the uncertainties of the galaxy bias and RSD (for RSD in the HS model, see
Jennings et al. 2012), which are below the level of σobs though. We also ignore the degeneracy with
other cosmological parameters. We will perform a detailed cosmological forecast using MGHalofit in
a future publication.
Note that MGHalofit works for an arbitrary |fR0| ∈ [10−6, 10−4] below redshift z = 1, and Fig 6
shows the result for 20 HS models with |fR0| logarithmically uniform from 10−6 to 10−4 at redshifts
z = 0 and z = 1. Given the current constraint on |fR0|, which is |fR0| . 10−4 (Schmidt et al. 2009b)
and the redshift range of future surveys, MGHalofit is sufficient for observational tests of the HS
model.
5. Conclusion and Discussion
In this work, we develop a new fitting formula MGHalofit to calculate the nonlinear matter
power spectrum for the Hu-Sawicki f(R) model. The fitting formula is developed by generalising
the Halofit fitting formula to include the chameleon screening mechanism, and it was calibrated
using a suite of high-resolution HS N -body simulations with various model and cosmological pa-
rameters. Compared to the Halofit prescription, MGHalofit significantly improve the fit, namely,
MGHalofit reaches an accuracy of 6% and 12% at k 6 1 h/Mpc and k ∈ (1, 10] h/Mpc respectively
below redshift 1.
MGHalofit can be used for parameter constraints for the HS model using a large class of future
imaging, spectroscopic and 21cm surveys including the Dark Energy Survey (DES) 4, the Large
4https://www.darkenergysurvey.org
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Synoptic Survey Telescope (LSST) 5 (LSST Science Collaboration et al. 2009), DESI (Levi et al.
2013), Euclid 6 (Laureijs et al. 2011), Square Kilometer Array (SKA) 7 and so on.
We make a first application of MGHalofit to estimate to what extent the HS model can be
verified or falsified using the ongoing and forthcoming redshift surveys, and find that a future
redshift survey is able to detect the F4 and F5 models at the 6.9 and 2.3 σ levels respectively. It is
difficult to detect a model with |fR0| < 10−5 using P (k) even up to nonlinear scales because we are
limited not only by the accuracy of the fitting formulae, but also by the complicated astrophysical
systematics on such scales. However, the constraint can be further improved using alternative
approaches, e.g. searching for the environmental dependence of the screening (Zhao et al. 2011b),
performing astrophysical tests of MG using galaxy dynamics (Jain & VanderPlas 2011; Cabre´ et al.
2012; Vikram et al. 2013; Jain et al. 2013; Lee et al. 2013), as well as measuring the cluster density
profiles (Lombriser et al. 2012a).
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A. MGHALOFIT Fitting formula
We extend Halofit by adding new terms for the HS model and calibrate these terms using
simulations. In what follows, we shall present the full MGHalofit fitting formula and the numeric
value of the coefficients therein. Note that the quantities with tildes denote the revised quantity
while those without a tilde represent the quantity in the newly calibrated Halofit presented in the
Appendix of Takahashi et al. (2012).
∆˜2 ≡ k
3P (k)MGHalofitHS
2π2
= ∆˜2Q + ∆˜
2
H (A1)
∆˜2Q(k) = ∆
2
L(k)
[1 + ∆˜2L(k)]
β˜(neff ,C,F)
1 + α˜(neff , C,F)∆˜2L(k)
exp[−f(y)] (A2)
∆˜2H(k) =
∆˜2
′
H(k)ξ(neff , C,F)
1 + µ˜(neff , C,F)/y + ν˜(neff , C,F)/y2 (A3)
∆˜2
′
H(k) =
a˜(neff , C,F)y3f1(Ω)
1 + b˜(neff , C,F)yf2(Ω) + [c˜(neff , C,F)f3(Ω)y]3−γ˜(neff ,C,F)
(A4)
∆˜2L(k) = ∆
2
L(k) [1 + F (x1 + x2neff + x3C)]
α˜ = α+ F (x4 + x5neff + x6n2eff + x7C)
β˜ = β + F (x8 + x9neff + x10n2eff + x11C)
γ˜ = γ +F (x12 + x13neff + x14n2eff + x15C)
log10a˜ = log10
[
a+ F (x16 + x17neff + x18n2eff + x19C)]
log10b˜ = log10
[
b+ F (x20 + x21neff + x22n2eff + x23C)]
log10c˜ = log10
[
c+ F (x24 + x25neff + x26n2eff + x27C)]
log10µ˜ = log10
[
µ+ F (x28 + x29neff + x30n2eff + x31C)]
log10ν˜ = log10
[
ν + F (x32 + x33neff + x34n2eff + x35C)]
ξ = exp
[D (x36 + x37neff + x38n2eff + x39C)] (A5)
where F ≡ |fR0|/(3 × 10−5), and
D ≡
∣∣∣∣ P (k)lin.HSP (k)lin.ΛCDM −max
[
P (k)HalofitHS
P (k)HalofitΛCDM
, 1
]∣∣∣∣ (A6)
After optimising the parameters ~X using the Powell’s method (Powell 1964), the coefficients
are found to be,
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x1 = −0.832105; x2 = −0.238632; x3 = 0.427827
x4 = −3.367256; x5 = 3.888473; x6 = 2.294713; x7 = 8.821165
x8 = −0.318559; x9 = 2.963588; x10 = 1.551244; x11 = 1.150983
x12 = 2.971117; x13 = −1.702803; x14 = −1.284630; x15 = −6.797889
x16 = 1.943697; x17 = 7.776061; x18 = 3.186278; x19 = 6.916149
x20 = 0.999088; x21 = 8.480852; x22 = 3.644990; x23 = 9.519407
x24 = 1.934338; x25 = 2.511626; x26 = 0.792323; x27 = 0.337545
x28 = 1.440371; x29 = 1.819927; x30 = 0.564780; x31 = 0.274286
x32 = −2282.5327; x33 = −2135.1213; x34 = −2258.1919; x35 = −2378.1342
x36 = −10.656456; x37 = −0.995708; x38 = 1.169303; x39 = 17.519593
Note that in Eq (A6) we require P (k)HalofitHS > P (k)
Halofit
ΛCDM in D to avoid the unphysical
artifact in P (k)HalofitHS , which is a naively application of Halofit to the HS model. But this may
result in another artifact when |fR0| is small, namely, the resulting P (k) might not be smooth. We
remove this artifact by convolving the fractional difference ∆P (k) ≡ P (k)MGHalofitHS /P (k)HalofitΛCDM with
a Gaussian kernel to smooth it, i.e.,
∆˜P (k) =
∫
∆P (k
′)e
− (lnk−lnk
′)2
2σ2
k dk′∫
e
− (lnk−lnk
′)2
2σ2
k dk′
(A7)
and we find that setting the smoothing dispersion σk as follows works well in practice, i.e., the
smoothed ∆˜P (k) fits to the simulation better than the unsmoothed one ∆P (k).
σk =

 0.25
(
10−4
|fR0|
)0.375
if |fR0| ≥ 10−6;
1.4 if |fR0| < 10−6.
Finally P (k)MGHalofitHS is assembled as,
P (k)MGHalofitHS =
[
1 + ∆˜P (k)
]
P (k)HalofitΛCDM (A8)
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B. Solving the HS model on linear scales using MGCAMB
On linear scales, the power spectrum of the HS model can be calculated using linear pertur-
bation theory 8. In the conformal Newton gauge, the metric is,
ds2 = −a2(τ)[(1 + 2Ψ)dτ2 − (1− 2Φ)d~x2] (B1)
where τ denotes the conformal time and a is the scale factor normalised to 1 at present time. In
Fourier space, the modification of gravity can be parametrised by two time- and scale-dependent
functions µ(a, k) and η(a, k) satisfying (Bertschinger & Zukin 2008; Zhao et al. 2009; Pogosian et al.
2010) (for alternative MG parametrisations, see e.g., Baker et al. 2011; Zuntz et al. 2012; Baker et al.
2013b; Song et al. 2011; Bean & Tangmatitham 2010; Thomas et al. 2011; Linder 2005; Baker et al.
2013a),
k2Ψ = −µ(k, a)4πGa2ρ∆
Φ/Ψ = η(k, a) (B2)
where ∆ is the comoving matter density perturbation. In ΛCDM, µ = η = 1, while in the HS
model,
µ(k, a) =
4
3
− (a/λc)
2
3[k2 + (a/λc)2]
η(k, a) = 1− 2k
2
[3(a/λc)2 + 4k2]
(B3)
where the comoving Compton wavelength λc can be calculated as,
λc =
[
1
3(n + 1)
R¯
|f¯R0|
(
R¯
R¯0
)n+1]1/2
(B4)
Feeding µ(k, a) and η(k, a) to MGCAMB (Zhao et al. 2009; Hojjati et al. 2011), one can obtain
the linear matter power spectrum for the HS model, shown as the dashed lines in Figs 1, 2, and 5.
8The HS model has been implemented in the MGCAMB code. For details of the implementation, see
http://icosmology.info/website/MGCAMB.html
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C. The PPF correspondence
To model the nonlinear power spectrum of the HS model PHS(k, z), the Parametrized Post-
Friedmann (PPF) formula was developed by Hu & Sawicki (2007b). The idea is that PHS(k, z) is
bounded between PnonGR and PGR(k, z), which are the nonlinear P (k) in the HS model without
the chameleon mechanism, and for the GR model, respectively. Hu & Sawicki (2007b) suggested to
design a weighting function cnlΣ
2(k, z) to interpolate between these two extreme cases to obtain
PHS(k, z), namely,
PHS(k, z) =
PnonGR(k, z) + cnlΣ
2(k, z)PGR(k, z)
1 + cnlΣ2(k, z)
(C1)
where
Σ2(k, z) =
k3
2π2
PL(k, z) (C2)
with PL(k, z) being the linear power spectrum and cnl is a free parameter to be fitted. PnonGR(k, z)
can be found by performingN -body simulations for the linearised HS model, in which the chameleon
screening is effectively switched off (Oyaizu et al. 2008; Schmidt et al. 2009a; Zhao et al. 2011a).
However, Koyama et al. (2009) found that this setting does not fit the simulation well, and
they proposed an revision for Σ2(k, z), namely,
Σ2(k, z) =
[
k3
2π2
PL(k, z)
]1/3
(C3)
The revised PPF formula was used to fit the simulation result in Oyaizu et al. (2008); Schmidt et al.
(2009a) for the WMAP7 background cosmology and found to work well up to k ∼ 0.5 h/Mpc. The
validity on smaller scales wasn’t well tested due to the relative low resolution of the simulation
performed in Oyaizu et al. (2008); Schmidt et al. (2009a).
With higher-resolution simulations performed by Zhao et al. (2011a), the validity of the PPF
formula was further tested on smaller scales up to k ∼ 10 h/Mpc, and it was found that PPF can
capture the simulation very well for a given cosmology if Σ2(k, z) is further generalised to
Σ2(k, z) =
[
k3
2π2
PL(k, z)
]α+βkγ
(C4)
and the best fit values for the parameters cnl, α, β, γ were derived for a given cosmology and a given
HS parameters fR0 (n is fixed to be 1) of the HS model (Zhao et al. 2011a).
However, it is difficult to generlise the PPF approach to a fitting formula for an arbitrary fR0
and arbitrary cosmological parameters, and the reasons include,
(I) PnonGR(k, z) is unknown on nonlinear scales for an arbitrary cosmology, and it is hard to model
it without N -body simulations. A naive application of Halofit does not work well (cf Fig 5 in
Zhao et al. 2011a);
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(II) Even if we can find a fitting formula for PnonGR(k, z) and calibrate the coefficients using
simulations, it is not easy to design a fitting formula for Σ2(k, z) to capture the screening
effect at various redshifts for various |fR0| and ΩM. One can see this by inverting Eq (C1) to
obtain,
cnlΣ
2(k, z) =
PnonGR(k, z) − PHS(k, z)
PHS(k, z) − PGR(k, z) (C5)
So Σ needs to be huge to recover GR (for small |fR0|) and vanishing when chameleon does
not work (large |fR0|). We have actually attempted to take the form of
ln Σ2(k, z) =
5∑
i=0
cik
iln
[
k3
2π2
PL(k, z)
]
(C6)
and optimised the coefficients ci’s using simulations but it does not work well.
Due to the above arguments, we did not take the PPF approach in this work to develop the
fitting formula for PHS(k, z).
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Fig. 1.— The fractional difference in matter power spectrum between the Hu-Sawicki gravity model
and the ΛCDM model, i.e., ∆P (k) ≡ ∆P (k)/P (k)ΛCDM in the Planck (left panels) and WMAP9
(right) cosmologies. From top to bottom, the panels show the result from redshifts z = 0 to z = 1
with a ∆z = 0.2 increment. In each panel, from top to bottom, the black, red and blue error
bars and curves stand for the f(R) model with log10|fR0| = −4,−5 and −6. The data points with
error bars show the N -body simulation result, and the curves are: thick solid: MGHalofit; thin
dashed: linear perturbation theory calculated using MGCAMB; thin dash-dotted: Halofit prediction.
The horizontal green dashed line illustrates ∆P = 0 to guide eyes.
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Fig. 2.— Same as Fig 1 but for the WMAP7 cosmology. The upper and lower panels are for redshifts
z = 0 and 1 respectively.
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Fig. 3.— The sensitivity of the (fractional) matter power spectrum (∆P ) P (k) to ΩM illustrated
by the quantity (d ln∆P (k)/d ln ΩM) d lnP (k)/d ln ΩM. The linear, Halofit and MGHalofit pre-
dictions are shown in dashed, dash-dotted and solid curves respectively.
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Fig. 4.— The contour plots for kNL (top panels), neff (middle) and C (bottom) on the (ΩM, |fR0|)
plane at various redshifts as illustrated in the figure.
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Fig. 5.— The fractional difference in matter power spectrum for the Planck background cosmology.
The power spectra are shown at z = 0.6 and z = 1 in the left and right panels respectively, which
are the median redshifts for an ongoing and a future redshift survey respectively. See text for
specifications of these surveys. The solid line shows the MGHalofit prediction and the dashed line
illustrate the 6% error in P (k). The error bars are based on a forecast using Eq (27) and the central
values are taken from the N -body simulations.
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Fig. 6.— The fractional difference in matter power spectrum ∆P (k) calculated using MGHalofit.
The curves from top to bottom are for 20 different |fR0| values ranging from 10−4 to 10−6 (uniform
logarithmically). The left and right panels show the result at z = 0 and z = 1 respectively, and the
horizontal green dashed line illustrates ∆P (k) = 0 for a reference.
